TECHNICAL AIDS

y

Lloyd S. Nelson

Testing Variation Before and After
Treatment of a Single Sample

HEN the variance of a sample of items before

the application of a treatment is to be com-
pared with the variance of the same sample after
the treatment, the usual F test, which requires two
independent samples, cannot be used. Even though
this problem was solved over 40 years ago by Pit-
man (1939) and by Morgan (1939) in papers pub-
lished consecutively in the same issue of Biome-
trika, the solution is not given in most modern
statistics books.

Consider an example in which the variance of a
sample of ten items is calculated before a treatment
is applied and then again after the treatment is
applied. Suppose that the results are as given in
Table 1 with X; equal to the measurement on the
ith item before treatment and Y; equal to the
measurement on the ith item after treatment.

The question to be answered is whether the vari-
ability has been changed by the treatment. An
ordinary F test, here used incorrectly, gives F' =
s%/s% = 20.95/9.55 = 2.19 with nine and nine de-
grees of freedom, which is significant at the 13
percent level (one-sided) or 26 percent level (two-
sided). This is to say that the result is not significant
at any usual level of significance.

A correlation between the two sets of data may
generally be expected because they are based on
the same physical items. Consequently the usual F
test is not appropriate. The correct procedure takes
into account the correlation as follows. Table 1
gives the observed values and those required for

calculation, where x; = X, — X and y,= Y, — Y.
Sx? = 188.585
Yyi=85.936
¥ iy = 113.000
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The test statistic is as follows.
Yx?—Yyi
r =
V(Zx? + 3y?) - 4(Txiy:)?
B 102.649
V(274.521)% — 4(113.000)2

If the null hypothesis that ox = oy is true then r
is distributed as an ordinary correlation coefficient
for a sample of n pairs. Therefore for n = 10, the
critical value for r is 0.6319 [see for example Owen
(1962)] for a two-sided test at the five percent level
or for a one-sided test at the two and one-half
percent level (with the appropriate algebraic sign).
The null hypothesis is rejected here and it is con-
cluded that the variability is lower after the treat-
ment.

Alternatively, as given by Walker and Lev (1953),
the same test can be cast in the form of a ¢ test.
This is

‘e (Ta?—Yy?) vn-2
2VY %Y y? - (Txiyi)?
~ 290.3352
~ 2/16206.2406 — 12769.0000

6587

= 24761

which is referred to a table of Student’s ¢ with n —
2 degrees of freedom. For the five percent (two-
sided) level of significance with eight degrees of
freedom, the critical value is 2.3060. The null hy-
pothesis is rejected just as it was when r was used.
The two tests are mathematically equivalent.

It must be emphasized that it is assumed that the
variates X and Y follow a bivariate normal distri-
bution.
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TABLE 1. Observed Values and those Derived from them for Calculation
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WALKER, H. M. and LEv, J. (1953), Statistical Inference, Henry

Item, i X; Y, X; y; x?2 y? XY,
1 18.3 19.3 —6.55 —-5.42 42.9025 29.3764 35.501
2 18.4 20.9 —6.45 -3.82 41.6025 14.5924 24.639
3 24.9 23.2 0.05 —-1.52 0.0025 2.3104 —0.076
4 22.2 22.8 —2.65 —-1.92 7.0225 3.6864 5.088
5 22.5 26.0 —-2.35 1.28 5.6225 1.6384 —3.008
6 25.0 25.2 0.15 0.48 0.0225 0.2304 0.072
7 271 26.8 2.25 2.08 5.0625 4.3264 4.680
8 29.2 26.2 4.35 1.48 18.9225 2.1904 6.438
9 32.0 27.9 7.15 3.18 51.1225 10.1124 22.737
10 28.9 28.9 4.05 418 16.4025 17.4724 16.929
Totals 188.5850 85.9360 113.000
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